We study a model of dynamic storage allocation in which requests for single units of memory arrive in a Poisson stream at rate λ and are accommodated by the first available location found in a linear scan of memory. Immediately after this first-fit assignment, an occupied location commences an exponential delay with rate parameter μ, after which the location again becomes available. The set of occupied locations (identified by their numbers) at time t forms a random subset S t of {1,2, . . .}. The extent of the fragmentation in S t , i.e. the alternating holes and occupied regions of memory, is measured by (S t ) -|S t |. In equilibrium, the number of occupied locations, |S|, is known to be Poisson distributed with mean ρ = λ/μ. We obtain an explicit formula for the stationary distribution of max (S), the last occupied location, and by independent arguments we show that (E max (S) -E|S|)/E|S| → 0 as the traffic intensity ρ → ∞. Moreover, we verify numerically that for any ρ the expected number of wasted locations in equilibrium is never more than 1/3 the expected number of occupied locations.
1. Introduction. Adopting the terminology of queues, suppose customers arrive in a Poisson stream at rate A to a linear queue of waiting or storage locations numbered 1, 2,.... According to the so-called first-fit policy each customer occupies the lowest numbered location available at his time of arrival. Immediately upon being installed in an available location, a customer commences a delay or residence time having an exponential distribution with parameter/x. At the end of his residence time a customer departs from the queue, thus making available the location he occupied. As locations are occupied and released "holes" build up, so that the total occupancy, defined as the highest numbered location occupied by waiting customers, may be substantially greater than the number of customers in the queue. The principal objectives of this paper are an analysis leading to the stationary distribution of this total occupancy, and a characterization of the fraction of wasted space under heavy-traffic conditions, i.e. for large
In queueing parlance our model may be recognized as an M/M/c queue on which a first-fit discipline for placement into a linear sequence of servers has been superimposed. The equilibrium distribution for the number in system is well-known for the M/M/ system [4, p. 414].
Although we shall make some use of these classical results, we focus on the more difficult analysis of the total occupancy process, an analysis that is clearly more important in the applications noted below. Similar results for an M/M queue have been obtained in [2] , where conventional methods were found to be adequate. The greater difficulty of our problem stems from the more easily motivated, but combinatorially more complex, first-fit placement rule.
Interpreting customers as requests for single units of storage, our model is an instance of the general problem of dynamic storage allocation in computers. The elements of this subject have been treated by Knuth [6] , and a recent survey appears in ]. In particular, the infinite-server model was introduced in [6, p. 445] in an analysis of the well-known fifty-percent rule.
Paged computer systems are specific applications of our model. Here, single units of storage become pages and locations become page frames, i.e. sets of consecutive memory locations that can accommodate exactly one page and that begin at integral multiples of the fixed page size. As before, the analysis of total occupancy leads to a characterization of the extent of fragmentation that occurs as pages come and go under a first-fit rule. Indeed, by an appropriate substitution of terms, our model applies quite generally to any such first-fit storage/server assignment problem where locations would correspond, for example, to telephone trunks, parking spaces, etc. There are a number of extensions to our model which would broaden its applicability. These, along with their implications for the analysis of stochastic models, are discussed in the last section.
Our analysis starts with the observation that the total occupancy process cannot be formulated as a Markov chain. We then identify a bivariate Markov chain in continuous time from which the stationary state probabilities of this process can be calculated. This calculation amounts primarily to a solution of the partial differential equation governing the generating function for the equilibrium probabilities of the bivariate Markov chain. For this purpose we adopt an apparently novel approach with generating functions, whereby a partial differential equation is replaced by an infinite but solvable system of ordinary differential equations. By an independent argument bounds on the expected total occupancy are derived; asymptotic properties of the total occupancy process are deduced from these bounds.
In the next section the mathematical model is formally defined. 
m}l. Now observe that S, fl{1,".,m}l is an embedded Markov process on states 0, 1,. ., m, and that its stationary distribution can be easily obtained as pk (2.7)
Using (2.7) in (2.6) gives the second inequality in (2.4).
We can use (2.4) to show that the rate of wastage (the fraction of holes) is asympotically negligible for p c. First note that, for any integer K, (2.8) Since F(x, y) is a polynomial in x for any y, the right side of (3.13) must be finite at x and hence the integral in (3.13) must vanish at x 1, namely, (3.14)
due-"(u-1)"-l[ur"(1-u)f(m")(1)+nu'f2-1)(1)]=O, n>-l. We have considered several extensions to the basic model with the same objectives in each case: an explicit form for P(max (S) m) in equilibrium and a characterization of the asymptotic wastage rate. While the first objective appears unattainable (and hence not treated in detail here), these extensions are given below as open problems, since the prospects for asymptotic results or easily computed numerical results may be much better. As another extension to the original model, suppose all arrivals now request a fixed number > of consecutive locations, and are accommodated by a first-fit policy; departures occur individually as before. It is easy to verify for this bulk-arrival queue that the process [S, f-1 { 1, 2, , m}, St fq { rn + 1, rn + 2, .}] no longer has the Markov property. Indeed, the types of fragmentation now possible are such that any Markov chain from which P(max (S,) m) could be calculated would have a much larger state space (essentially, it is now necessary to consider ordered subsets).
It is also interesting to question whether the wastage rate is still asymptotically negligible in this model. In contrast to the case it is now possible for max (St) To acquire further insight into this general problem, a number of simulations were run on first-order extensions of the basic model. First, request sizes were allowed to be either or 2 locations and second, either 2 or 3 locations. In addition to the parameters A and/z we have the parameter p denoting the stationary probability that a given request is for the smaller of the two sizes. comparison with our earlier analysis we have also shown results for the basic model having requests of size only. Figure 2a is consistent with our earlier asymptotic analysis in that the number of available locations is small relative to the number of occupied locations when p is large (p )t//x 1000 in the figure). As expected from a first-fit rule the available locations tend to be higher numbered ones.
In Fig. 2b both of these effects are also illustrated for the system with two request sizes, and 2, in spite of the greater fragmentation stemming from the fact that holes with a single location can be used only by requests for a single location. Accordingly, the first-fit rule justifies another obvious feature of the pattern, viz. that requests of size tend to be concentrated in the smaller numbered locations.
The results from which Fig. 2c was selected also indicate that available locations tend to be higher numbered and smaller allocations tend toward the smaller numbers when request sizes are limited to 2 and 3. On the other hand, fragmentation is somewhat worse in this system because of the occurrence of poor fits, e.g. a request of size 2 allocated the first two locations of a hole consisting of three available locations creates an unusable hole of one location. Thus, the above effects are somewhat less pronounced than in Fig. 2b Another recent extension [5] of the present paper stems from the apparent difficulty in proving this conjecture, and is based on a modified first-fit rule. Although the new rule is unlikely to be selected in favor of the simple first-fit rule in practice, it is proved rigorously in [5] , with the help of the results in this paper, that the new rule is asymptotically optimal. 
